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There are many reasons to believe that there is a fundamental minimum length scale below
which distances cannot be reliably resolved. One method of constructing a quantum field with a
finite minimum length scale is to use bandlimited quantum field theory, where the spacetime is
mathematically both continuous and discrete. This is a modification to the field, which has been
shown to have many consequences at the level of the field. We consider an operational approach
and use a pair of particle detectors (two-level qubits) as a local probe of the field, which are coupled
to the vacuum of the bandlimited massless scalar field in a time dependent way through a switching
function. We show that mathematically, the bandlimit modifies the spacial profile of the detectors
so that they are only quasi-local. We explore two different types of switching functions, Gaussian
and Dirac delta. We find that with Gaussian switching, the bandlimit exponentially suppress the de-
excitation of the detectors when the energy gap between the two levels is larger than the bandlimit.
If the detectors are prepared in ground state, in certain regions of the parameter space they are able
to extract more entanglement from the field than if there was no bandlimit. When the detectors
couple with Dirac-delta switching, we show that a particle detector is most sensitive to the bandlimit
when it couples to a small but finite region of spacetime. We find that the effects of a bandlimit are
detectable using local probes. This work is important because it illustrates the possible observable
consequences of a fundamental bandlimit in a quantum field.
I. INTRODUCTION
One of the most important open problems of modern
physics is the question of what is happening at the high-
est energy scales where quantum field theory and general
relativity are expected to be incorporated into a larger
theory of physics. These high energy scales correspond
to the shortest length scales, where it is widely thought
that, due to quantum fluctuations of the metric, the no-
tion of space and time break down [1]. Currently, there
are many approaches to consistent theories of quantum
gravity that describe the physics at these length scales,
including string theory, loop quantum gravity and many
others [2, 3].
It has been shown that if there is a finite, minimum-
length uncertainty in a quantum field, the field will obey
the Shannon sampling theorem, meaning the continuous
field can be reconstructed from a discrete set of sampling
points [4]. This also implies the field will be bandlimited.
The Shannon Sampling Theorem [5] is a theory in clas-
sical information that provides an equivalence between a
continuous and a discrete representation of information.
If a signal f(t) is bandlimited, so that it has no frequen-
cies higher than some Λ, then knowing the value of the
signal f(tn) on a lattice of points {tn} is enough to recon-
struct the continuous signal for all t provided the average
spacing of the lattice is less than or equal to the Nyquist
spacing, pi/Λ. Unlike naively putting a QFT on a lattice,
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the resultant bandlimited QFT preserves local Euclidian
symmetries, but is not Lorentz invariant. However, the
conventional momentum cutoff generalises to a covari-
ant cutoff, where modes with a wavelength smaller than
the cutoff have very small bandwidth and are effectively
frozen out [6, 7].
It was shown by Pye, Donnelly and Kemfp [8], that ap-
plying a conventional bandlimit to a (1 + 1)-dimensional
scalar QFT results in field degrees of freedom that oc-
cupy an incompressible spacial volume. As a result, the
two-point correlations of the field and entanglement en-
tropy are modified from the case of no cutoff, with the
least modification occurring at distances of the Nyquist
spacing.
In that paper, the authors raised the idea of studying
the interaction of Unruh-DeWitt (UDW) detectors [9] —
two-level quantum systems— with bandlimited quantum
fields as a natural next step. The UDW detectors serve
as a local probe of the field. This could be used as a step-
ping stone towards the quantisation of sampling theory.
More specifically, in the entanglement harvesting proto-
col, the spacial profile of the detector—which quantifies
where the detector couples to the field— and the field
degrees of freedom enter the model at the same level.
Exploring how they interact may provide a more opera-
tional understanding of the finite spacial volume of the
discrete degrees of freedom.
In general, study of UDW detectors as local parti-
cle detectors provide an operational method of probing
quantum field fluctuations and correlations by provid-
ing a method of directly sampling the field in different
spacetime regions through local interactions. It has been
shown by Valentini [10] and Resznik et. al. [11, 12] that
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2entanglement present in a quantum field can be extracted
by a pair of initially separable UDW detectors that cou-
ple locally to the field in a process known as entanglement
harvesting [13].
In most implementations of the entanglement harvest-
ing the set up is very simple: the detectors are generally
coupled linearly to the vacuum of a scalar field. However,
it has been shown that this simple model is a good ap-
proximation to the light-matter interaction, under the
assumption that no angular momentum is transferred
[14, 15]. Entanglement harvesting has gained interest in
both its applicational and foundational potential [13, 16–
23]. It may also have some implications for quantum
gravity and the black hole information paradox [24–31].
In particular, this protocol has been shown to be in-
credibly sensitive to the properties of field to which they
are coupled. In particular, they have been shown to be
able to distinguish between a thermal bath and a de Sit-
ter spacetime at the same temperature [32–34], and they
are sensitive to the topology of spacetime [35, 36], the
presents of horizons [24] and the boundary conditions
[37] of the field. UDW detectors have also been shown to
be very sensitive to their state of motion [13, 17].
There are generally two different assumptions made
about the interaction between the detectors and the field.
First, and more commonly, the it is assumed that the de-
tectors couple only weakly with the field. This allows
for use of perturbation theory when calculating the fi-
nal state of the system. In this regime, entanglement
harvesting is possible, but multi-phonon interactions are
not considered. Additionally, this model may lead to di-
vergences in limits where the detector response becomes
large but finite. The second assumes that the detectors
have Dirac-delta switching—i.e., they couple to the field
at single moment in time. Here, the time evolution op-
erator takes a much simpler form, and in some cases the
final state of the system can be known exactly. How-
ever, entanglement harvesting is not possible with delta
switching [38, 39].
In this paper we implement a conventional bandlimit
on the scalar QFT by applying a hard cutoff and only al-
low modes with frequencies |k| < Λ to propagate. Such
a cutoff is not Lorentz invariant, but we expect that sim-
ilar result will hold in the case of a covariant cutoff, since
our UDW detectors only couple to the field for a finite
time, and modes with a small bandwidth would be fur-
ther suppressed.
The rest of the paper is as follows. In section II, we
review the UDW model and use perturbation theory to
find the final state of the two detectors to lowest order
in the coupling strength. Before specifying the dimen-
sionality, the spacial profile or switching function, we in-
troduce the notion of the effective spacial profile, where
we have absorbed the momentum cutoff of the field into
a nonlocal modified spacial profile, allowing for a non-
bandlimited field to model the same physics (if the mod-
ified profile is used instead of the original). Next, in
section III, we specify our model and take the detectors
to be point like and couple to the field with a Gaussian
function switching. We perturbatively calculate the ex-
citation and de-excitation probability of a single detector
in section IV and the entanglement harvested by a pair
of detectors in section V. We use Dirac-delta switching to
non-perturbatively calculate the transition probability of
two detectors with Gaussian spacial profiles in section VI.
Finally, in section VII, we conclude and discuss potential
future work.
II. THE UNRUH-DEWITT MODEL
We will use UDW detectors to model the two particle
detectors, A and B, which capture most of the features of
the light-matter interaction when no angular momentum
is exchanged. In this model, the detectors are described
by two-level quantum systems, with ground and excited
states given by |0〉D and |1〉D, respectively, and sepa-
rated by an energy gap of ΩD, which couple locally to a
quantum scalar field φˆ(x, t), with D ∈ {A,B}. The in-
teraction of each detector is described, in the interaction
picture, by the Hamiltonian
HˆD(τD) = λχD(τD)
(
eiΩDτD σˆ+D + e
−iΩDτD σˆ−D
)
⊗
∫
dnx FD[x− xD(τD)]φˆ(x, t) (1)
where λ is the coupling strength of the interaction,
χD(τD) is the switching function, which controls the in-
teraction time, σˆ+D := |1〉D 〈0| and σˆ−D := |0〉D 〈1| are the
SU(2) ladder operators acting on the Hilbert space of
detector D, FD(x) describes the spacial profile of the de-
tector, and xD(τD) is the detector’s spacetime trajectory
parameterised by its propter time, τD.
The time evolution of the detector-field system with
respect to the time t is generated by the unitary operator
Uˆ := T exp
[
−i
∫
dt
(
dτA
dt
HˆA[τA(t)] +
dτB
dt
HˆB [τB(t)]
)]
(2)
where T is the time ordering operator.
Following the entanglement harvesting protocol, we
consider the detectors to be initially (t → −∞) in the
ground state and the field initially in the vacuum, so the
joint state of the system is
|Ψ0〉 = |0〉A ⊗ |0〉B ⊗ |0〉φ (3)
and after the interaction (t → ∞), the system is in the
state
|Ψf 〉 = Uˆ |Ψ0〉 =
∑
n
Uˆ (n) |Ψ0〉 (4)
where Uˆ (n) is the nth term in the Dyson expansion of the
time evolution operator (2)
Uˆ (n) = (−i)n
∫
tn<···<t1
dt1 · · · dtn Hˆ(t1) · · · Hˆ(tn) (5)
3and Hˆ(t) =
∑
D∈{A,B}
dτD
dt HˆD[τD(t)].
We are only interested in the partial state of the two
detectors, so the Hilbert space of the field is traced out:
ρˆAB := Trφ
[ |Ψf 〉 〈Ψf | ]
=
∑
m,n
Trφ
[
Uˆ (m) |Ψ0〉 〈Ψ0| (Uˆ (n))†
]
. (6)
It can be seen from equations 1 and 5 that in the expres-
sion Uˆ (n) |Ψ0〉, the field operator φˆ(x, t) will be applied
to the vacuum n times, and so the only terms that sur-
vive the partial trace and contribute to the partial state
are terms where m and n have the same parity. Ad-
ditionally, in the state final state, Uˆ (n) |Ψ0〉, an even n
results in both detectors being excited or both remaining
the the ground state, and an odd n results in only one
detector being in excited. Since m and n must be both
even or both odd, the reduced density matrix of the two
detectors will be of the be of the form
ρˆAB =
ρ11 0 0 ρ140 ρ22 ρ23 00 ρ∗23 ρ33 0
ρ∗14 0 0 ρ44
 (7)
in the basis {|0〉A ⊗ |0〉B , |0〉A ⊗ |1〉B , |1〉A ⊗ |0〉B ,|1〉A ⊗ |1〉B}.
The bandlimit Λ is a hard cutoff and is implemented
by expanding the field operator in plane-wave modes and
cutting off momenta where |k| > Λ:
φˆΛ(x, t) =
1
(2pi)n/2
∫
|k|<Λ
dnk√
2 |k|
(
ei(|k|t−k·x)aˆ†k + H.c.
)
.
(8)
This implementation of the cutoff is not covariant but
is chosen this way for ease of calculation and to follow
on from the framework of [8]. Reproducing these calcu-
lations with a fully covariant cutoff [6] is left to future
work. With this field operator, the interaction Hamilto-
nian of a single detector becomes
HˆD(τD) = λχ(τD)
(
eiΩDτD σˆ+D + e
−iΩDτD σˆ−D
)
⊗
∫
|k|<Λ
dnk√
2 |k|
(
F˜ ∗D(k)e
i[|k|t(τD)−k·xD(τD)]aˆ†k + H.c.
)
(9)
where
F˜D(k) =
1
(2pi)n/2
∫
dnx FD(x)e
ik·x (10)
is the Fourier transform of the spacial profile.
Mathematically, the hard momentum cutoff in the in-
teraction Hamiltonian (9) can be absorbed into the defi-
nition of the spacial profile:
HˆD(τD) = λχ(τD)
(
eiΩDτD σˆ+D + e
−iΩDτD σˆ−D
)⊗ ∫ dnk√
2 |k|Π
( |k|
2Λ
)(
F˜ ∗D(k)e
i[|k|t(τD)−k·xD(τD)]aˆ†k + H.c.
)
= λχ(τD)
(
eiΩDτD σˆ+D + e
−iΩDτD σˆ−D
)⊗ ∫ dnk√
2 |k|
(
G˜∗D(k)e
−[|k|t(τD)−k·x(τD)]aˆ†k + H.c.
)
(11)
where the new spacial profile is
G(x) = F (x) ∗ 1
(2pi)n/2
∫
dnk Π
( |k|
2Λ
)
e−ik·x (12)
and Π(x) is the rectangle function
Π(x) :=

0, |x| > 12
1/2, |x| = 12
1, |x| < 12
(13)
In 3 dimensions, its inverse Fourier transform is
F−1
[
Π
( |k|
2Λ
)]
=
√
2
pi
Λ2
j1
(
Λ |x| )
|x| (14)
where j1(r) is the order-1 spherical Bessel function of the
first kind.
By writing the interaction Hamiltonian in this way, it
is made clear that an alternative interpretation of the
hard bandlimit k < Λ is the pair of detectors that in-
teract with a non-bandlimited (Λ → ∞) massless scalar
field have the spacial profile given by equation 14. Since
the rectangle function is compact in k-space, the mod-
ified spacial profile in not compact—even if the initial
profile F (x) was compact or even point-like.
Substituting the interaction Hamiltonian given by
equation 9 into the equation 6 and expanding to the low-
est order in the interaction strength gives the reduced
density matrix of the two detectors
4ρˆAB =
1− PA − PB 0 0 X
∗
0 PB C
∗ 0
0 C PA 0
X 0 0 0
+O(λ4) (15)
where
PD :=
λ2
(2pi)n
∫
dnk
2 |k|
∣∣∣∣∫ ∞−∞ dτD F˜ ∗D(k)χD(τD)ei[ΩDτD+|k|t(τD)−k·xD(τD)]
∣∣∣∣2 (16)
C :=
λ2
(2pi)n
∫
dnk
2 |k|
[(∫ ∞
−∞
dτA F˜
∗
A(k)χA(τA)e
i[ΩAτA+|k|t(τA)−k·xA(τA)]
)
×
(∫ ∞
−∞
dτB F˜
∗
B(k)χB(τB)e
i[ΩBτB+|k|t(τB)−k·xB(τB)]
)∗ ]
(17)
X :=
λ2
(2pi)n
∫
dnk
2 |k|
∫ ∞
−∞
dt
∫ t
−∞
dt′ e−i|k|(t−t
′)
×
[(
dτA
dt
dτB
dt′
F˜A(k)F˜
∗
B(k)χA
(
τA(t)
)
χB
(
τB(t
′)
)
ei[ΩAτA(t)+ΩBτB(t
′)]eik·[xA(t)−xB(t
′)]
)
+
(
dτB
dt
dτA
dt′
F˜B(k)F˜
∗
A(k)χB
(
τB(t)
)
χA
(
τA(t
′)
)
ei[ΩBτB(t)+ΩAτA(t
′)]eik·[(x)B(t)−xA(t
′)]
)]
(18)
and D,D′ ∈ {A,B}. Tracing out either detector B or
detector A gives the reduced density matrix for the re-
maining detector
ρˆA = TrB [ρˆAB ] =
(
1− PA 0
0 PA
)
ρˆB = TrA [ρˆAB ] =
(
1− PB 0
0 PB
)
(19)
respectively, so we can interpret PD as the transition
probability of detector D. To leading order, the term
X encodes the non-local correlations between the two
detectors, and the term C encodes the total correlations
[29].
In addition to quantifying effect of the of the bandlimit
on the transition probability of the detectors, we also
wish to quantify its effect on the amount of entanglement
the pair extracts from the vacuum. We will use negativ-
ity [40] as our measure of entanglement. The negativity
for a two qubit system (or a qubit-qutrit system) is an
entanglement monotone that is only zero for separable
states and is defined as
N (ρˆAB) :=
∥∥∥ρˆΓAAB∥∥∥− 1
2
=
∑
λi<0
|λi| (20)
where ΓA denotes the partial transpose with respect to
A, ‖·‖ is the trace norm and the sum is over the negative
eigenvalues of ρˆΓAAB .
For a density matrix of the form of equation 7, the
eigenvalues of ρˆΓAAB are
λ1 =
1
2
(
ρ22 + ρ33 −
√
(ρ22 − ρ33)2 + 4 |ρ14|2
)
=
1
2
(
PA + PB −
√
(PA − PB)2 + 4 |X|2
)
+O(λ4)
λ2 =
1
2
(
ρ22 + ρ33 +
√
(ρ22 − ρ33)2 + 4 |ρ14|2
)
=
1
2
(
PA + PB +
√
(PA − PB)2 + 4 |X|2
)
+O(λ4)
λ3 =
1
2
(
ρ11 + ρ44 −
√
(ρ11 − ρ44)2 + 4 |ρ23|2
)
= 0 +O(λ4)
λ4 =
1
2
(
ρ11 + ρ44 +
√
(ρ11 − ρ44)2 + 4 |ρ23|2
)
= 1− PA − PB +O(λ4) (21)
The only eigenvalue that can be zero to lowest order in
the coupling strength, is λ1, so we calculate the negativity
of the reduced density matrix (eq. 15) as
N (ρˆAB)
= max
[
0,−1
2
(
PA + PB −
√
(PA − PB)2 + 4 |X|2
)]
,
(22)
which reduces to
N (ρˆAB) = max [0, |X| − PD] (23)
when the transition probabilities of the two detectors are
equal (PA = PB = PD).
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FIG. 1: The transition probability PD of a single point-like detector as a function of is energy gap Ω at various values of the
bandlimit Λ of the field. A negative energy gap corresponds to an initially excited detector. When the energy gap of the
detector is larger than the bandlimit, the transition probability of an initially excited detector rapidly falls off. When there is
no bandlimit, the transition probability grows with energy gap.
III. OUR SETUP
We will now consider (3 + 1)-dimensional Minkowski
space and take the two UdW detectors to be separated
by a distance S at rest in a common reference frame. We
will consider the detectors to be point-like
FD(x− xD) = δ(3)(x− xD) (24)
and have identical energy gaps ΩA = ΩB = Ω, and we
will take the switching function to be a Gaussian with
characteristic width σ:
χD(t) = exp
(
− t
2
2σ2
)
. (25)
With these assumptions the matrix elements in equa-
tions 16 and 18 reduce to
PA,Λ = PB,Λ = PD,Λ =
λ2
4pi
(
e−σ
2Ω2 − e−σ2(Ω+Λ)2 +√piσΩ [erf(σΩ)− erf (σ(Ω + Λ))] ) (26)
XΛ =
λ2σ
4
√
piS
e−σ
2Ω2e−S
2/(2σ)2
[
erfi
(
S
2σ
)
− Re
(
erfi
(
S
2σ
+ iσΛ)
))]
+ i
λ2σ2
2piS
e−σ
2Ω2
∫ Λ
0
dk e−σ
2k2 erfi(σk) sin(Sk) (27)
where the subscript Λ is used as a reminder that the
scalar field is bandlimited, erfi(x) := −i erf(ix), and erf
is the error function.
Using the large-x expansion of
erfi(x) =
2√
pi
ex
2
x
+O
(
1
x3
)
(28)
the imaginary part of XΛ can be approximated as
Im(XΛ) ≈ λ
2σ2
2piS
e−σ
2Ω2
(∫ ∞
0
dk e−σ
2k2 erfi(σk) sin(Sk)
− 1√
pi
∫ ∞
Λ
dk
sin(Sk)
σk
)
=
λ2σ2
4pi
e−σ
2Ω2
|S|
(
e−S
2/(2σ)2 − 1 + 2
pi
Si
( |S|Λ))
(29)
where Si(x) is the sine integral
Si(x) :=
∫ x
0
dt
sin t
t
provided Λσ  1. Numeric testing has shown good
agreement when Λσ > 5.
6IV. TRANSITION PROBABILITY
First we consider the dependence on the transition
probably of a single detector on it’s energy gap, Ω, and
the bandlimit of the quantum field, Λ, which is shown in
figure 1. When the detector is initially in the ground
state, the transition probability falls of exponentially
with increasing energy gap. Additionally, as shown in the
inset of figure 1(a), a small bandlimit lowers the transi-
tion probably, and this effect is strongest for small values
of the energy gap due to the exponential suppression.
We also find that for values of the bandlimit larger than
Λσ ≈ 2, the transition probability (from the ground to
the excited state) is nearly indistinguishable from the
non-bandlimited case regardless of the energy gap.
In order to better understand this behaviour, it is use-
ful to write the transition probably in terms of the non-
bandlimited case as
PD,Λ(Ω) = PD,∞(Ω)−PD,∞(Ω+Λ)−λ
2σΛ
4
√
pi
erfc
(
σ(Ω+Λ)
)
(30)
where erfc(x) := 1 − erf(x). Since the bandlimit en-
ters the expression like a modified energy gap, it is
easy to see that for large values, both PD,∞(Ω + Λ)
and erfc
(
σ(Ω + Λ)
)
are exponentially suppressed and
PD,Λ(Ω) ≈ PD,∞(Ω).
If the detector was initially excited, which is math-
ematically equivalent to taking Ω < 0, the transition
probability increases linearly with increasing energy gap
up to a maximum value after which it exponentially falls
off, which is seen in the negative-Ω regions of figure 1.
As the bandlimit is increased, we find that the maximum
value of de-exciation probability occurs at larger (more-
negative) values of energy gap and that the falloff after
is sharper.
We define Ωcrit to be the value of energy gap as-
sociated with the maximum de-excitiation probability.
Since the transition probability falls off so rapidly when
|Ω| < |Ωcrit|, this energy gap can be interpreted as the
largest energy gap for which exited detectors are able to
decay into the bandlimited field (any larger and the de-
excitiation probability is exponentially suppressed). This
is not surprising, since bandlimiting the field also puts
limits on the frequency of modes that exist in the the-
ory, and since we have only calculated the reduced den-
sity matrix to lowest order in the coupling constant, we
only consider single-mode de-excitiations. In other words
there is no room in the field for the detector to decay into.
The dependence of the Ωcrit and the bandlimit of the
scalar field is plotted in figure 2, where the detectors is
assumed to be initially excited. Ωcrit grows with nearly
the same rate as the bandlimit of the field. The most
discrepancy occurs at small values of Ωσ where there
is a high degree of quantum uncertainty in the effec-
tive energy gap of the detector. At large values of Ωcrit
and Λ, the relationship approaches the linear relationship
Ωcrit = Λ− 2/σ.
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FIG. 2: The energy gap of the detector corresponding to the
maximum de-excitation probability as a function of the ban-
dlimit (red solid line). The de-excitation probability rapidly
falls off for detectors with energy gaps greater than this criti-
cal value. The black dotted line corresponds to a line of best
fit ΩCrit = Λ− 2/σ.
FIG. 3: The negativity of the reduced density matrix for the
detectors’ internal states, N (ρˆAB)/λ2, as a function of detec-
tor separation S and the bandlimit Λ of the field when the
detectors have an energy gap of Ωσ = 0.01. The darkest re-
gion corresponds to a value of zero negativity when the two
detectors remain in a separable state. The red dashed line
mark the constant separation slices shown in figure 4.
V. NEGATIVITY
Now we consider the entanglement between two identi-
cal detectors A and B, which are initialised in the ground
state and separated by a distance S. We first note that
the qualitative dependence of negativity on the energy
gap of the detectors does not change significantly as the
bandlimit is changed. The actual values of the nega-
tivity at given value of Ω is much lower than the non-
bandlimited case for a small enough value of Λ, and
as Λ increases, the negativity oscillates around the non-
bandlimited value. For this reason we only consider de-
tectors with an energy gap of Ωσ = 0.01 throughout this
section.
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FIG. 4: Red solid line: The negativity of the reduced density matrix, N (ρˆAB)/λ2, as a function of the bandlimit Λ. Black
dashed line: The value of the negativity when there is no bandlimit (Λ→∞). The detector energy gap is set to Ωσ = 0.01.
In figure 3 we plot the dependence of the entangle-
ment harvested on the bandlimit and the separation of
the detectors. There are striking oscillations in the con-
tours when considering fixed value of separation, which
we plot in figure 4. The frequency of these oscillations
decrease when the detector separation is decreased. We
also note the negativity decreases with increasing detec-
tor separation at fixed values of the bandlimit.
We take a closer look a the oscillations in negativity
with respect to the bandlimit at fixed values of detector
separation in figure 4. For values of separation where
entanglement harvesting possible in the non-bandlimted
case (figures 4(a) and 4(b)), we find the negativity in-
creases with increasing values of the bandlimit up to some
maximum value. As the bandlimit increase further, the
negativity will exhibit damped oscillations around the
non-bandlimied value. The frequency of these oscilla-
tions increase as the detector separation is increased.
These oscillations can also be present when separation
of the detectors is too large for entanglement harvest-
ing to be possible in the non-bandlimited case, which we
show in figure 4(c). In this case, the damped oscilla-
tions that are still present in the function |X| − PD are
cutoff for negative values, but remain when |X| > PD.
This results in values of the bandlimit where entangle-
ment harvesting is possible, even if it not possible when
there is no bandlimit.
In figure 5, we plot the reduced density matrix as a
function of detector separation at a fixed bandlimit of
Λ = 50σ and Λ → ∞. Similar to the plots in figure 4,
we fid the negativity exhibits damped oscillations around
the non-bandlimited curve. Interestingly, we also find
that these oscillations match up with the oscillations on
the effective spacial profile (equation 14), which implies
that the oscillations in negativity may be a result of in-
creased/decreased overlap of the detectors’ effective spa-
cial profiles.
Since neither the transition probability of the detec-
tors nor the real part of the matrix element XΛ depend
significantly on the bandlimit when it is larger, the oscil-
latory behaviour in both figures 4 and 5 must be due the
imaginary part of X, and can be approximated as result-
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FIG. 5: Red solid line: The negativity of the reduced density
matrix, N (ρˆAB)/λ2, as a function of the detector separation S
when the bandlimit is set to Λσ = 50. Black dashed line: The
negativity as a function of detector separation when there is
no bandlimit (Λ → ∞). Blue dashed line: A plot of the
effective spacial profile G =
√
2
pi
Λ2 j1(ΛS)
S
for Λσ = 50 scaled
by a factor of 1/300 for ease of plotting. The energy gap is
set to Ωσ = 0.01. The overall decay of the bandlimited plot
matches the decay of the non-bandlimed one, and oscillations
in the bandlimited plot match up with the oscillations in the
effective spacial profile.
ing from the Si(SΛ) term in equation 29. Therefore, the
oscillations with respect to Λ in the imaginary part of X
can be shown to be upper bounded by
λ2σ
2pi3/2
e−σ
2Ω2
S2Λ
+ Im(X∞). (31)
Using this envelop, it is possible to tune the separation
of pair of detectors of fixed energy gap so that the entan-
glement between them is zero for all values of the ban-
dlimit greater than some chosen threshold and non-zero
for some values of the bandlimit less than that thresh-
old. In other words, for a chosen value of Λthreshold and
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FIG. 6: An array of detectors with properly tuned energy gaps
are set at different separation distances so that equation 32
is satisfied at Λthresholdσ = 20. If the negativity of any one
of the pairs of detectors (each corresponding to a different
experiment) has non-zero negativity, then Λ < Λthreshold.
a given value of Ω (or S), find a value of S (or Ω) so that
PD,Λthreshold =∣∣∣∣∣Re (XΛthreshold) + i
(
λ2σ
2pi3/2
e−σ
2Ω2
S2Λthreshold
+ Im(X∞)
)∣∣∣∣∣
(32)
is satisfied. It is important to note that if only one pair
is used, then there will be regions of be zero negativity
at some values of Λ < Λthreshold. For example, consider a
value of Λσ = 4 in figure 4(c). However, it is possible to
build up an array of such pairs of detectors, each at dif-
ferent values of separation, so that that the frequency of
oscillations in negativity are different. This can be used
to fill in the gaps of each individual curve and in princi-
ple test if a quantum field has a bandlimit Λ ≤ Λthreshold.
An example of such an array is shown in figure 6.
VI. GOING BEYOND PERTURBATIVE:
δ-SWITCHING
An alternative approach to using perturbation theory
to compute the reduced density matrix of the two detec-
tors is to implement δ-switching
χD(t) =
√
2piσδ(t− TD) (33)
which can be related to the switching chosen used in the
previous section by defining the Dirac delta as the weak
limit of a normalised Gaussian,
δ(x) = lim
σ→0
e−x
2/(2σ2)
√
2piσ
. (34)
This choice of switching allows for the calculation of the
time evolution operator (eq. 2) exactly. Following the
work of Simidzij and Martín-Martínez [38], we define de-
tector A to be the one that switches first (TA ≤ TB) and
calculate the time-evolution operator as
Uˆδ =
(
1A ⊗ 1B ⊗ cosh(YˆB) + 1A ⊗ µˆB(TB)⊗ sinh(YˆB)
)
×
(
1A ⊗ 1B ⊗ cosh(YˆA) + µˆA(TA)⊗ 1B ⊗ sinh(YˆA)
)
(35)
where
µˆD(t) = e
iΩDτD(t)σˆ+D + e
−iΩDτD(t)σˆ−D (36)
and
YˆD := −iλ
√
2piσ
dτD
dt
∣∣∣∣
t=TD
∫
dnxFD(x− xD)φˆ(x, TD).
(37)
The detector-field system is initially in the state |Ψ0〉 =
|0〉A ⊗ |0〉B ⊗ |0〉φ and the final state of the two detector
subsystem is
ρˆAB = Trφ
[
Uˆδ |Ψ0〉 〈Ψ0| Uˆ†δ
]
=
ρ11 0 0 ρ140 ρ22 ρ23 00 ρ∗23 ρ33 0
ρ∗14 0 0 ρ44

(38)
where
ρ11 =
1
4
(
1 + fA + fB cos(2θ) + fAfB cosh(ω)
)
(39a)
ρ14 =
1
4
e−i(ΩATA+ΩBTB)fB
(
i sin(2θ) + fA sinh(ω)
)
(39b)
ρ22 =
1
4
(
1 + fA − fB cos(2θ)− fAfB cosh(ω)
)
(39c)
ρ23 = −1
4
e−i(ΩATA−ΩBTB)fB
(
i sin(2θ) + fA sinh(ω)
)
(39d)
ρ33 =
1
4
(
1− fA + fB cos(2θ)− fAfB cosh(ω)
)
(39e)
ρ44 =
1
4
(
1− fA − fB cos(2θ) + fAfB cosh(ω)
)
(39f)
and we have defined
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FIG. 7: The transition probability of a single detector interacting with a bandlimited scalar field with delta switching as a
function of the bandlimit Λ for various widths of the spacial profile. As the bandlimit increases, the transition probability
quickly asymptotes to the non-bandlimited (Λ → ∞) value. The right hand figure details the asymptotic behaviour of the
narrow (a = 0.001σ and a = 0.2σ) detectors. The interaction strength is set to λ = 1.
fD := exp
(
−2piλ2σ2
∫
|k|<Λ
dnk
|k|
∣∣∣F˜D(k)∣∣∣2) (40a)
θ := −i
[
YˆA, YˆB
]
= −ipiλ2σ2
∫
|k|<Λ
dnk
|k|
(
F˜ ∗A(k)F˜B(k)e
i|k|(TA−TB)e−ik·(xA−xB) −H.c.
)
(40b)
ω := 2piλ2σ2
∫
|k|<Λ
dnk
|k|
(
F˜ ∗A(k)F˜B(k)e
i|k|(TA−TB)e−ik·(xA−xB) + H.c.
)
. (40c)
In order to compare to our perturbative results, we again consider (3 + 1)-dimensional Minkowski space and take the
UDW detectors to be identical (ΩA = ΩB = Ω) and at rest in a common reference frame and separated by a distance
S. To avoid divergences in θ and ω in the non-bandlimited limit, we set the spacial profile of the detectors to be
Gaussian
FD(x) =
1
(2pi)3/2a3
exp
(
− x
2
2a2
)
(41)
rather than point like. With these simplifications, the matrix-element functions become
fA = fB = f = exp
(
−λ
2σ2
2pia2
(
1− e−a2Λ2
))
(42a)
θ =
λ2σ2
4
√
piaS
∑
j∈{0,1}
(−1)j exp
(
−
(
S + (−1)jT )2
4a2
)
Im
[
erfi
(
S + (−1)jT
2a
+ iaΛ
)]
(42b)
ω = − λ
2σ2
2
√
piaS
∑
j∈{0,1}
exp
(
−
(
S + (−1)jT )2
4a2
)[
erfi
(
S + (−1)jT
2a
)
− Re
(
erfi
(
S + (−1)jT
2a
+ iaΛ
))]
(42c)
where T := TB − TA.
Finally, we calculate the transition probability of the
detectors to be
PA,Λ =
1
2
(1− f), PB,Λ = 1
2
(
1− f cos(2θ)), (43)
which are only equal when the field commutator van-
ishes. Since the time evolution operator in equation 35
is calculated exactly rather than through a Dyson series
expansion, this model allows for the back-reaction of the
detectors on the field. If detector A is in causal contact
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with detector B, then B will be interacting with the field,
which was modified by A. It is also worth noting that the
transition probabilities are independent of the energy gap
of the detector, and so they can be interpreted as both
excitation and de-excitation probabilities.
A. One detector
First, we consider the delta-switching interaction of a
singled detector with a bandlimited scalar field. Since
the bandlimit acts as an effective spacial profile, we can
safely take the the a → 0 limit of the equation 41 and
again consider a point-like detector. In this limit, the
transition probability is
lim
a→0
PA,Λ =
1
2
[
1− exp
(
−λ
2σ2Λ2
2pi
)]
. (44)
We note that due to the exponential decay of f with in-
creasing Λ the transition probability of a single point-like
detector interacting with a non-bandlimited field limit of
lim
Λ→∞
1
2
[
1− exp
(
−λ
2σ2Λ2
2pi
)]
=
1
2
. (45)
Additionally, this limit is well defined; taking the limits
the other order (first Λ → ∞ then a → 0) produces the
same result.
One does not need to take limits of equation 42a
to calculate the transition probability of a point-like
(F˜ (k) = (2pi)−n/2) detector in a non-bandlimied field,
and can directly consider equation 40a, which is
PA,∞ =
1
2
[
1− exp
(
−2piλ
2σ2
(2pi)n
∫
dnk
|k|
)]
=
1
2
(46)
provided n ≥ 2. In other words, if a two level detector is
initialised in the ground (or excited) state and is coupled
to the field at a single point in space and time, the result
would be the completely mixed state.
This is still consistent with the conventional idea that
the transition probability of point-like detector with delta
switching will diverge [25] if one considers the pertur-
bative calculation, since to lowest order in the coupling
strength
PA,∞ ≈ 2piλ
2σ2
(2pi)n
∫
dnk
|k| → ∞. (47)
This divergence is solely a mathematical artefact of using
perturbation theory, however. The physical behaviour in
this case (interaction at a single spacetime point) is in
fact well defined, finite, and given by equation 46.
In figure 7, we plot the dependence of the transition
probability of a single detector with various widths of
its Gaussian spacial profile interacting with delta switch-
ing on the bandlimited scalar field. Since there is no
dependence on the energy gap of the detector, this can
be interpreted as either the probability of excitation or
de-exitiation. Regardless of the width of the detector,
the transition probability increases with increasing value
of the bandlimit and asymptotes to the non-bandlimited
value.
We make comparisons to section IV by considering
the small-σ limit where the unitless energy gap Ωσ will
also be close to zero. In this regime, the dependence
of the transition probability on the bandlimit can be
best seen in the inset of figure 1(b). Here, the same
behaviour is seen: when the bandlimit is small, the tran-
sition probability of the detector is increased when the
bandlimit is increased. But larger values of the bandlimit
transition probability are indistinguishable from the non-
bandlimtied (Λ→∞) case.
The width of the detector determines how quickly the
transition probability approaches its corresponding non-
bandlimed values, which can be seen in figure 7. When
the spacial profile of the detector is relativity wide and
the width is increased, the transition probability flattens
out and approaches its asymptotic value at lower values
of the bandlimit. However, when the spacial profile is
very narrow, as seen in figure 7(b), the transition proba-
bility flattens for the detector with a width of a = 0.001σ
at a smaller value of the bandlimit than the detector with
a width of a = 0.2σ.
This observation is made more precise in figure 8,
where we plot of the bandlimit, denoted ΛMax, for which
the absolute difference between the transition probability
and its corresponding non-bandlimited value is equal to a
chosen tolerance as a function of the width of the spacial
profile. This quantity was chosen for two reasons. First,
it provides a concrete measure of determining that the
transition probability is “close” to its asymptotic value,
and second, from an operational perspective the toler-
ance can be interpreted as the resolution of some exper-
iment where UdW detectors are used to determine the
bandlimit of the field.
We find that for all three values of the chosen toler-
ance, the behaviour of the absolute difference is the same.
When the spacial profile is vary narrow, increasing the
width of the profile actual increase the value of Λmax up
to a maximum value of which occurs at a ≈ 0.2σ. As
the width is increased further, the value of ΛMax rapidly
decreases.
The region where increasing width decreases ΛMax is
easily explained by naively looking at equation 12. When
the bandlimit is large enough such that 1Λ  a, the ef-
fective profile,
G(x) =
e−a
2Λ2/2
(2pi)3/2a3
[
e(a
4Λ2−x2)/(2a2) Re
(
erf
(
a2Λ + i |x|√
2a
))
−
√
2aΛ√
pi
sinc
(
Λ |x| )], (48)
will be dominated by the spacial profile of the detector,
and the transition probability will be nearly the same
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FIG. 8: The value of the maximum bandlimit ΛMax such that
the difference between the transition probability in the ban-
dlimited field and non-bandlimited field
( |PA,ΛMax − PA,∞|)
is equal to a specified (arbitrary) tolerance (0.02, 0.01, 0.005)
as a function of the width of the spacial profile of the detector.
When the bandlimit is larger than ΛMax, the difference will
be less than the tolerance. For all three values, a maximum
occurs near at width of a ≈ 0.2σ, indicting the transition
probability of a detector with this width is more sensitive to
the bandlimit than a wider or narrower detector. The inter-
action strength is set to λ = 1.
as the non-bandlimited case. However, when the width
of the spacial profile is very small, the complicated re-
lationship between the width and the bandlimit in the
effective spacial profile leads to the increase in sensitiv-
ity with increasing width. The takeaway message is this:
When comparing detectors with a Gaussian profile and
delta switching, the detector most sensitive to the ban-
dlimit is not the one with the narrowest profile, as one
may naively think, but rather one with a width of ap-
proximately a ≈ 0.2σ
B. Two detectors
The no-go theorem described in [38, 39] states that “a
pair of UdW detectors with Dirac-delta switching func-
tions and arbitrary spacial profiles and coupling strengths
cannot harvest entanglement from a coherent state of a
massless scalar field.” Therefore, the bandlimit—which is
mathematically equivalent to a spacial profile—will not
make a difference on the entanglement harvested (none).
One can still look a the transition probability of the
second detector, detector B, which depends on the effec-
tive field commutator through the parameter θ. In figure
9(a), it is shown that θ, when plotted as a function of
the bandlimit exhibits damped oscillates with frequen-
cies at (S ± T ). By studying the parameter space, we
have found that when the spacial profile of the detector
is made smaller, the oscillations decay more slowly, and
in the limit of point-like detectors, a→ 0, the oscillations
do not decay. In this limit, θ reduces to
lim
a→0
θ =
λ2σ2Λ
2piS
[
sinc
(
Λ(T + S)
)− sinc (Λ(T − S))]
(49)
which is simply the difference of the one-dimensional
Fourier transforms of the rectangle function Π(k/(2Λ))
evaluated at (T + S) and (T − S).
The oscillations in θ are observable in the transition
probability of the second detector when the bandlimit is
small, and as shown in the inset of figure 9(b), and these
can result in a transition probability greater than 1/2,
the largest transition probability of a single detector.
However, when the bandlimit is increased, the transition
probability exponentially approaches its non-bandlimited
quantity at the same rate as a single detector, and the os-
cillations resulting from θ are exponentially suppressed.
If the bandlimit is small, then a second detector with in-
stantaneous switching can be used to give some insight
into the commutator between the two detectors, but if
the bandlimit is large, then a second detector will not
provide any advantage.
VII. CONCLUSION
We have studied the entanglement harvesting proto-
col and response of two UDW detectors interacting with
a conventionally bandlimited (3 + 1)-dimensional scalar
field, where modes with |k| ≥ Λ do not exist. We find
that the application of this cutoff is equivalent to modify-
ing the spacial profile of the UDW detector by convolving
it with the dimensionally appropriate Fourier transform
of the rectangle function. This interpretation results in
a non-local detector interacting with a non-bandlimed
scalar field. On the other hand, if the detectors were in-
terpreted as local, then the degrees of freedom of the field
are non-local. The two perspectives are entirely equiva-
lent.
When a point-like detector couples to the bandlimited
field with Gaussian switching, we find to lowest order
in the coupling strength that the probability of excita-
tion is reduced compared to the non-bandlimited value.
The effect only becomes pronounced, however, when the
bandlimit is very small. We find, for all values of the
bandlimit, when the detector is prepared in the excited
state, the de-excitation probability increases linearly with
increasing values of the energy gap of the detector, un-
til the energy gap is slightly smaller then the bandlimit
of the field. For larger energy gaps, the de-excitation
probability exponentially falls off to nearly zero. The
interpretation of this is that, to lowest order, the detec-
tor must emit a single phonon in order to decay , but if
the energy gap is larger than the bandlimit, the emitted
photon cannot propagate in the field.
We also note that it is possible for a pair of point-
like UDW detectors, coupling with Gaussian switching,
to harvest entanglement from the vacuum of the ban-
dlimited scalar field at larger separation distances than
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FIG. 9: A plot of (a) the parameter θ, which is proportional to the effective field commutator between detectors A and B, and
(b) the transition probability of detector B as a function of the bandlimit Λ. The negative values in the parameter θ result in
values of PB > 12 . Although θ shows dependency on the bandlimit over a large range, we find that PB,Λ is only sensitive to the
bandlimit when it is small (Λ < 7σ). The width of the spacial profile is set to a = 0.01σ, the detectors have a time delay of
T = σ and a separation of S = 0.8σ, and the interaction strength is set to λ = 1.
in the ordinary case of a field without a bandlimit. The
enhancement results from oscillations in the imaginary
part of the coherence term of the two detectors, which
can be interpreted as resulting from the overlap of the
non-local effective spacial profile of the detectors. By
taking advantage of the enhancement in entanglement
harvesting, one can in principle take an array of pairs of
detectors, with specific energy gaps and separations, and
put bounds on the bandlimit of a quantum field.
Finally, we use a Dirac-delta switching function to cou-
ple two detectors with Gaussian spacial profiles to the
field at a single instance in time, which allows for non-
perturbative solutions. Again, we find that the transition
probability of the first detector is lower when the field is
bandlimited, and the effect is much more apparent when
the bandlimit is small. Surprisingly, the transition prob-
ability of a detector is most sensitive to the bandlimit
when the detector’s width is small—but not too small.
We also find that the transition probability of the second
detector has a similar dependence on the bandlimit: any
changes are due to the effective field commutator between
the two detectors.
Although it has a very small effect to the transition
probability of the second detector, the value of the field
commutator has significant dependence on the bandlimit,
even when the latter is large. We expect that other se-
tups that are highly dependent on the field commutator
between two detectors will also be highly sensitive to the
value of the bandlimit. One such application is “quan-
tum collect calling” [41] where it possible to signal using
a massless scalar field such that no energy is transmit-
ted from the sender to the receiver. Since this scheme
significantly depends on the commutator of the field be-
tween the sender and receiver, it would be interesting
further work to apply quantum collect calling to ban-
dlimited QFT.
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